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APPLICATIONS OF ARTHUR’S MULTIPLICITY FORMULA
TO SIEGEL MODULAR FORMS
HIRAKU ATOBE
Abstract. We give two applications of Arthur’s multiplicity formula to Siegel modular forms.
The one is a lifting theorem for vector valued Siegel modular forms, which contains Miyawaki’s
conjectures and Ibukiyama’s conjectures. The other is the strong multiplicity one theorem for
Siegel modular forms of scalar weights and level one.
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1. Introduction
In the modern number theory, modular forms and automorphic representations are indispensable
tools. In particular, they give automorphic L-functions, which enjoy Euler products, meromorphic
continuations, and functional equations.
We review the classical theory of Siegel modular forms. Let S2k(SL2(Z)) (resp. Sk,j(Sp2(Z))) be
the space of elliptic cusp forms of weight 2k, (resp. the space of Siegel modular cusp forms of degree
2 and of vector weight detkSym(j)). When f ∈ S2k(SL2(Z)) (resp. f ∈ Sk,j(Sp2(Z))) is a Hecke
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eigenform, we have the Hecke L-function L(s, f) (resp. L(s, f, spin)), which is a degree 2 (resp. degree
4) L-function satisfying a functional equation with respect to s ↔ 2k − s (resp. s ↔ 1 − s). The
L-function L(s, f, spin) is called the spinor L-function associated f .
More generally, for k = (k1, . . . , kn) ∈ Zn with k1 ≥ · · · ≥ kn, we denote by ρk the irre-
ducible representation of U(n) of highest weight k, and by Sρk(Spn(Z)) the space of Siegel modular
cusp forms of degree n and of vector weight ρk. When k = (k, k, . . . , k), then ρk = det
k, and
Sρk(Spn(Z)) = Sk(Spn(Z)) is the space of Siegel modular cusp forms of degree n and of scalar
weight k. In general, for a Hecke eigenform F ∈ Sρk(Spn(Z)), we have an L-function L(s, F, std)
called the standard L-function associated to f , which has degree 2n + 1 and satisfies a functional
equation with respect to s↔ 1− s.
In the classical theory, there are several lifting conjectures. We recall the following conjectures
predicted by Miyawaki [14], Heim [7], and Ibukiyama [8].
Miyawaki’s conjecture of Type I: For any Hecke eigenforms f ∈ S2k−4(SL2(Z)) and g ∈
Sk(SL2(Z)), there should exist a Hecke eigenform Ff,g ∈ Sk(Sp3(Z)) such that
L(s, Ff,g, std) = L(s, g, std)L(s+ k − 2, f)L(s + k − 3, f).
Miyawaki’s conjecture of Type II: For any Hecke eigenforms f ∈ S2k−2(SL2(Z)) and g ∈
Sk−2(SL2(Z)), there should exist a Hecke eigenform Ff,g ∈ Sk(Sp3(Z)) such that
L(s, Ff,g, std) = L(s, g, std)L(s+ k − 1, f)L(s + k − 2, f).
Ibukiyama’s conjecture of Type I: For any Hecke eigenform f ∈ Sn+2,2m−3n−2(Sp2(Z)) with
even n,m such that m > 2n and n ≥ 2, there should exist a Hecke eigenform Ff ∈ Sm(Sp2n(Z))
such that
L(s, Ff,g, std) = ζ(s)
n∏
i=1
L
(
s+
n+ 1
2
− i, f, spin
)
.
Ibukiyama’s conjecture of Type II: For any Hecke eigenforms f ∈ S2m−2n(SL2(Z)) and g ∈
Sm−2n+2,2n−2(Sp2(Z)) with m even and m > 2n − 2, there should exist a Hecke eigenform Ff,g ∈
Sm(Sp2n(Z)) such that
L(s, Ff,g, std) = L(s, g, std)
2n−2∏
i=1
L (s+m− 1− i, f) .
In fact, Miyawaki [14] numerically computed the actions of Hecke operators on F12 and F14
which belong to the one dimensional vector spaces S12(Sp3(Z)) and S14(Sp3(Z)), respectively, and
predicted the conjectures for them. The general forms of Miyawaki’s conjectures were given by
Heim [7]. Ibukiyama [8] also considered his lifting conjectures for the non-cuspidal cases in slightly
wider situations.
Nowadays, these conjectures should follow from Arthur’s multiplicity formula [3, Theorem
1.5.2]. Let A = AQ be the ring of adeles of Q, and Afin be its finite part. Arthur’s multiplicity formula
decomposes the space A2(Spn(A)) of square-integrable automorphic forms on Spn(Q)\Spn(A) into
a direct sum of simple Spn(Afin) × (g∞,K∞)-modules using global A-packets, where g∞ = spn(C)
is the complexification of the Lie algebra of Spn(R), and
K∞ =
{(
α β
−β α
)
∈ Spn(R)
∣∣∣∣tαα+ tββ = 1n}
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is the standard maximal compact subgroup of Spn(R). Using this formula, we may try to decompose
the space Sρk(Spn(Z)) of Siegel modular forms. However, the automorphic form ϕF ∈ A2(Spn(A))
given by a Siegel modular form F ∈ Sρk(Spn(Z)) is a “holomorphic cusp form of vector weight
ρk”. This condition implies that the archimedean components of the automorphic representations
appearing in the representation generated πF by ϕF are the lowest weight module L(Vk). Therefore,
to obtain a decomposition of Sρk(Spn(Z)), we need to consider when local A-packets for Spn(R)
contain L(Vk). When kn > n, this problem is solved by the works of Adams–Johnson [1] and
Arancibia–Mœglin–Renard [2] (see Proposition 3.2). By this observation, we obtain a decomposition
of Sρk(Spn(Z)) in this case, and we can conclude the following lifting theorem.
Theorem 1.1 (Lifting Theorem). Let k = (k1, . . . , kn) ∈ Zn with k1 ≥ · · · ≥ kn > n, and let
g ∈ Sρk(Spn(Z)) be a Hecke eigenform.
(A) For positive integers k and d, we assume one of the following:
• k + d− 1 < kn − n, k > d and k ≡ d+ n mod 2; or
• k − d > k1 − 1, k > d and k ≡ d mod 2.
Define k′ = (k′1, . . . , k
′
n+2d) ∈ Zn+2d so that k′1 ≥ · · · ≥ k′n+2d and{
k′1 − 1, k′2 − 2, . . . , k′n+2d − (n+ 2d)
}
= {k1 − 1, k2 − 2, . . . , kn − n} ∪ {k + d− 1, k + d− 2, . . . , k − d} .
Then for any Hecke eigenform f ∈ S2k(SL2(Z)), there exists a Hecke eigenform Ff,g ∈
Sρ
k′
(Spn+2d(Z)) such that
L(s, Ff,g, std) = L(s, g, std)
2d∏
i=1
L(s+ k + d− i, f).
(B) For positive integers k, j and d > 0, we assume all of the following:
• k ≡ j ≡ 0 mod 2;
• k > 2d+ 1 and j > 2d− 1;
• ki − i 6∈ [ j2 − d+ 1, j2 + k + d− 2] for i = 1, . . . , n.
Define k′ = (k′1, . . . , k
′
n+4d) ∈ Zn+4d so that k′1 ≥ · · · ≥ k′n+4d and{
k′1 − 1, k′2 − 2, . . . , k′n+4d − (n+ 4d)
}
= {k1 − 1, k2 − 2, . . . , kn − n}
∪
{
j
2
+ k + d− 2, j
2
+ k + d− 3, . . . , j
2
+ k − d− 1
}
∪
{
j
2
+ d,
j
2
+ d− 1, . . . , j
2
− d+ 1
}
.
Then for any Hecke eigenform f ∈ Sk,j(Sp2(Z)), there exists a Hecke eigenform Ff,g ∈
Sρ
k′
(Spn+4d(Z)) such that
L(s, Ff,g, std) = L(s, g, std)
2d∏
i=1
L
(
s+ d+
1
2
− i, f, spin
)
.
Here, when n = 0, we interpret L(s, g, std) to be the Riemann zeta function ζ(s).
Remark 1.2. (1) When n = 0 and k > d, k ≡ d mod 2 in Lifting Theorem (A), the lifting
Ff,1 ∈ Sk+d(Sp2d(Z)) is the Duke–Imamoglu–Ibukiyama–Ikeda lift of f ∈ S2k(SL2(Z)) ([9]),
which is determined up to a constant multiple.
(2) When we set (n,k, k, d) to be (1, (k), k−2, 1) with even k ≥ 12 (resp. to be (1, (k−2), k−1, 1)
with even k ≥ 14) in Lifting Theorem (A), we obtain Miyawaki’s conjecture of Type I
(resp. of Type II).
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(3) When we set (n,k, k, j, d) to be (0, ∅, n+2, 2m−3n−2, n2 ) with even n,m such that m > 2n
and n ≥ 2 in Lifting Theorem (B), we obtain Ibukiyama’s conjecture of Type I.
(4) Ibukiyama’s conjecture of Type II is not contained in Lifting Theorem. However, using a
fact in Remark 3.6 below, one can prove this conjecture.
(5) It is not known how to construct Ff,g in general. In [10], Ikeda suggested a way for the
construction of Ff,g for some case in Lifting Theorem (A), which is called the Miyawaki
lifting of g. However, the non-vanishing of this lifting is unknown, i.e., Ikeda’s construction
might be identically zero.
As another application of Arthur’s multiplicity formula together with several supplementary
results, we can get the following theorem:
Theorem 1.3 (Strong multiplicity one theorem). For i = 1, 2, let Fi ∈ Ski(Spn(Z)) be a Hecke
eigenform of scalar weight ki. Suppose that for almost all prime p, the Satake parameter of F1 at p
is equal to the one of F2 at p. Assume further that {k1, k2} 6= {n2 , n2 + 1} if n is even. Then there
exists a constant c ∈ C× such that F2 = cF1.
We shall explain an outline of the proof.
Step 1: Consider the Spn(Afin)× (g∞,K∞)-module πFi generated by the cusp form ϕFi cor-
responding to Fi. Since Fi is level one, we see that πFi is irreducible (Lemma 3.4).
Step 2: By the assumption, πF1 and πF2 are nearly equivalent to each other. This means that
πF1 belongs to the same A-packet as πF2 (Corollary 2.8).
Step 3: By the uniqueness of the unramified representation in a p-adic local A-packet (Propo-
sition 2.6), and by the uniqueness of the lowest weight module in a real local A-packet
(Proposition 3.3), we see that πF1 and πF2 are isomorphic to each other as Spn(Afin) ×
(g∞,K∞)-modules.
Step 4: By the multiplicity one result in local A-packets (Propositions 2.4, 2.9, 3.3), we see
that πF1 and πF2 are equal to each other as subspaces of A2(Spn(A)).
Step 5: By the uniqueness of the everywhere unramified lowest weight vectors in an auto-
morphic representation, we see that ϕF2 is a constant multiple of ϕF1 . This means that
F2 = cF1 for some c ∈ C×.
This paper is organized as follows. In the first part of §2 (§2.1–§2.3), we recall the local and
global A-packets and Arthur’s multiplicity formula. In the last part of §2 (§2.4–§2.5), we review
Mœglin’s supplementary results and Adams–Johnson packets. In section 3, we explain the theory of
Siegel modular forms and holomorphic cusp forms. Lifting Theorem (Theorem 1.1) and the strong
multiplicity one theorem (Theorem 1.3) are proven in §3.4 and §3.5, respectively. In Appendix A,
we explain the original definition of Arthur’s character formally, and compute it.
Acknowledgments. This article is mainly based on author’s talk in the conference “21st Au-
tumn Workshop on Number Theory”. The author is grateful to the organizers Tamotsu Ikeda and
Tomokazu Kashio for giving him the opportunity of this talk. The author thanks to Tomoyoshi
Ibukiyama and Hidenori Katsurada for telling several lifting conjectures. This work was supported
by the Foundation for Research Fellowships of Japan Society for the Promotion of Science for Young
Scientists (PD) Grant 29-193.
2. Arthur’s multiplicity formula and supplementary results
In this section, we recall the general theory for Arthur’s multiplicity formula for symplectic groups
together with several supplementary results.
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2.1. Local A-parameters and local A-packets. First, we recall the notion of local A-packets.
Let F be a local field of characteristic zero, and LF be the Weil–Deligne group of F, i.e.,
LF =
{
WF if F is archimedean,
WF × SL2(C) if F is non-archimedean,
where WF is the Weil group of F. The symplectic group of rank n is the split algebraic group over
F defined by
Spn(R) =
{
g ∈ GL2n(R)
∣∣∣∣tg( 0 −1n1n 0
)
g =
(
0 −1n
1n 0
)}
for an F-algebra R, whose Langlands dual group is SO2n+1(C). A local A-parameter for Spn/F is a
homomorphism ψ : LF × SL2(C)→ SO2n+1(C) such that
(1) ψ|WF is continuous;
(2) ψ(WF) consists of semisimple elements;
(3) ψ(WF) projects onto a relatively compact subset in SO2n+1(C);
(4) ψ|SL2(C) is algebraic for each SL2(C) ⊂ LF × SL2(C).
Let Ψ(Spn/F) be the set of conjugacy classes of local A-parameters for Spn/F. For ψ ∈ Ψ(Spn/F),
one can decompose
ψ = m1ψ1 ⊕ · · · ⊕mrψr ⊕ (ψ0 ⊕ ψ∨0 ),
where ψ1, . . . , ψr are distinct irreducible orthogonal representations of LF× SL2(C) with multiplici-
ties m1, . . . ,mr ≥ 1, and ψ0 is a sum of irreducible representations which are not orthogonal. Define
the component group Aψ of ψ by
Aψ =
r⊕
i=1
(Z/2Z)αψi .
Namely, Aψ is a free Z/2Z-module of rank r, and {αψ1 , . . . , αψr} is a basis of Aψ with αψi associated
to ψi. For a subrepresentation
ψ′ = m′1ψ1 ⊕ · · · ⊕m′rψr ⊕ (ψ′0 ⊕ ψ′∨0 ) ⊂ ψ
with 0 ≤ m′i ≤ mi and ψ′0 ⊂ ψ0, we set
αψ′ =
r∑
i=1
m′iαψi ∈ Aψ.
The element αψ =
∑r
i=1miαψi is called the central element in Aψ, and is denoted by zψ. The
Pontryagin dual of Aψ is denoted by Âψ.
Let Irr(Spn(F)) (resp. Irrunit(Spn(F))) be the set of equivalence classes of irreducible admissible
(resp. unitary) representations of Spn(F). The following is the local main theorem of Arthur’s
endoscopic classification.
Theorem 2.1 ([3, Theorem 1.5.1]). For each ψ ∈ Ψ(Spn/F), there is a finite multiset Πψ over
Irrunit(Spn(F)) with a map
Πψ → Âψ, π 7→ 〈·, π〉ψ
satisfying (twisted and standard) endoscopic character identities and 〈zψ, π〉ψ = 1. Moreover, if F
is non-archimedean and π is unramified, then 〈·, π〉ψ = 1.
We call Πψ the local A-packet associated to ψ.
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2.2. Global A-parameters and global A-packets. Next, we define global A-packets. Let F be
a number field. A (discrete) global A-parameter for Spn/F is a symbol
ψ = τ1[d1]⊞ · · ·⊞ τr[dr],
where
• τi is an irreducible unitary cuspidal self-dual automorphic representation of GLmi(A);
• di is a positive integer such that
∑r
i=1midi = 2n+ 1;
• if di is odd, then τi is orthogonal, i.e., L(s, τi,Sym2) has a pole at s = 1;
• if di is even, then τi is symplectic, i.e., L(s, τi,∧2) has a pole at s = 1;
• the central character ωi of τi satisfies that ωd11 · · ·ωdrr = 1;
• if i 6= j and τi ∼= τj, then di 6= dj.
Two global A-parameters ψ = ⊞ri=1τi[di] and ψ
′ = ⊞r′i=1τ
′
i [d
′
i] are said to be equivalent if r = r
′ and
there exists a permutation σ ∈ Sr such that d′i = dσ(i) and τ ′i ∼= τσ(i). We denote by Ψ2(Spn/F)
be the set of equivalence classes of discrete global A-parameters for Spn/F. For ψ = ⊞
r
i=1τi[di] ∈
Ψ2(Spn/F), we define the component group Aψ of ψ by
Aψ =
r⊕
i=1
(Z/2Z)ατi[di].
Namely, Aψ is a free Z/2Z-module of rank r, and {ατ1[d1], . . . , ατr [dr]} is a basis of Aψ with ατi[di]
associated to τi[di]. We call zψ = ατ1[d1] + · · ·+ ατr [dr ] ∈ Aψ the central element.
We define Arthur’s character εψ : Aψ → {±1} by
εψ(ατi[di]) =
∏
j 6=i
ε(τi × τj)min{di,dj},
where ε(τi × τj) = ε(1/2, τi × τj) ∈ {±1} is the central value of the Rankin–Selberg epsilon factor
ε(s, τi×τj). We note that εψ(zψ) =
∏r
i=1 εψ(ατi[di]) = 1. An important result of Arthur [3, Theorem
1.5.3] states that ε(τi × τj) = 1 if di ≡ dj mod 2. In particular, if d1 = · · · = dr = 1, then εψ is the
trivial character of Aψ.
Remark 2.2. This definition of εψ might seem to be different from Arthur’s original definition.
In Appendix A, we formally explain the original definition, and show that it coincides with our
definition (Proposition A.1).
Let ψ = ⊞ri=1τi[di] ∈ Ψ2(Spn/F) be a global A-parameter with τi being an irreducible unitary
cuspidal representation of GLmi(A). For each place v of F, we denote by φi,v the mi-dimensional
representation of LFv corresponding to the irreducible representation τi,v of GLmi(Fv). We define a
homomorphism ψv : LFv × SL2(C)→ GL2n+1(C) by
ψv = (φ1,v ⊠ Sd1)⊕ · · · ⊕ (φr,v ⊠ Sdr),
where Sd is the unique irreducible algebraic representation of SL2(C) of dimension d. We call
ψv the localization of ψ at v. By [3, Proposition 1.4.2], the homomorphism ψv factors through
SO2n+1(C) →֒ GL2n+1(C). However, the localization ψv is not necessarily a local A-parameter for
Spn/Fv because of the lack of the generalized Ramanujan conjecture. One can define the component
group Aψv of ψv similar to local A-parameters. There is a localization map
Aψ → Aψv , ατi[di] 7→ αφi,v⊠Sdi .
In particular, we obtain the diagonal map
∆: Aψ →
∏
v
Aψv .
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Let ψ ∈ Ψ2(Spn/F) be a global A-parameter and ψv be the localization of ψ at v. We can
decompose
ψv = ψ1| · |s1Fv ⊕ · · · ⊕ ψr| · |srFv ⊕ ψ0 ⊕ ψ∨r | · |−srFv ⊕ · · · ⊕ ψ∨1 | · |−s1Fv ,
where
• ψi is an irreducible representation of LFv × SL2(C) of dimension di such that ψi(WFv) is
bounded for i = 1, . . . , r;
• ψ0 ∈ Ψ(Spn0/Fv);• d1 + · · ·+ dr + n0 = n and s1 ≥ · · · ≥ sr > 0.
We note that si < 1/2 by the toward Ramanujan conjecture (see [11, (2.5) Corollary] and [22,
Appendix]). We define a representation φψi of LFv by
φψi(w) = ψi
w,
|w| 12Fv 0
0 |w|−
1
2
Fv
 , w ∈ LFv ,
and we denote by τψi the irreducible representation of GLdi(Fv) corresponding to φψi . Let Πψ0 be
the local A-packet associated to ψ0, which is a multiset over Irrunit(Spn0(Fv)). For π0 ∈ Πψ0 , we
put
Iψv(π0) = Ind
Spn(Fv)
P (Fv)
(τψ1 | · |s1Fv ⊠ · · ·⊠ τψr | · |srFv ⊠ π0),
where P is a parabolic subgroup of Spn with Levi subgroup MP = GLd1 × · · · ×GLdr × Spn0 . The
local A-packet Πψv associated to the localization ψv, which is a multiset over Irr(Spn(Fv)), is defined
by the disjoint union of the multisets of the Jordan–Ho¨lder series of Iψv(π0), i.e.,
Πψv =
⊔
pi0∈Πψ0
{
π
∣∣∣ π is an irreducible constituent of Iψv(π0)}.
Note that Aψv = Aψ0 . Define a map
Πψv → Âψv , π 7→ 〈·, π〉ψv
by
〈·, π〉ψv = 〈·, π0〉ψ0
if π is an irreducible constituent of Iψv (π0).
When v | ∞, we fix a maximal compact subgroup Kv of Spn(Fv), and set K∞ =
∏
v|∞Kv. When
v is a real place, we choose Kv as
Kv =
{(
α β
−β α
)
∈ Spn(Fv) ∼= Spn(R)
∣∣∣∣tαα+ tββ = 1n} .
For an irreducible admissible representation π∞ = ⊗v|∞πv of Spn(F ⊗Q R) ∼=
∏
v|∞ Spn(Fv), we
denote the K∞-finite part of π∞ by π∞,K∞ = ⊗v|∞πv,Kv . This is a simple (g∞,K∞)-module, where
g∞ = Lie(Spn(F⊗Q R))⊗R C is the complexification of the Lie algebra of Spn(F⊗Q R).
Now we are ready to define global A-packets. For a global A-parameter ψ ∈ Ψ2(Spn/F), we
define the global A-packet Πψ by
Πψ =
π =
(⊗
v<∞
′
πv
)
⊗
⊗
v|∞
πv,Kv
 ∣∣∣∣∣∣ πv ∈ Πψv , 〈·, πv〉ψv = 1 for almost all v
 .
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This is a multiset over the set of equivalence classes of simple admissible Spn(Afin) × (g∞,K∞)-
modules. By abuse of notation, we simply write π = ⊗′vπv for π = (⊗′v<∞πv) ⊗ (⊗v|∞πv,Kv). For
π = ⊗′vπv ∈ Πψ, since 〈·, πv〉ψv = 1 for almost all v, one can define a character 〈·, π〉ψ of
∏
v Aψv by
〈·, π〉ψ =
⊗
v
〈·, πv〉ψv .
2.3. Arthur’s multiplicity formula. We state Arthur’s multiplicity formula. Let F be a number
field. For a finite place v <∞, we denote by ov the ring of integers of Fv. A smooth function
ϕ : Spn(A)→ C
is a square-integrable automorphic form on Spn(A) if ϕ satisfies the following conditions:
(1) ϕ is left Spn(F)-invariant;
(2) ϕ is right K-invariant, where K = Kfin ×K∞ is the maximal compact subgroup of Spn(A)
with Kfin =
∏
v<∞ Spn(ov);
(3) ϕ is z-finite, where z is the center of the universal enveloping algebra U(g∞) of g∞.
(4) ϕ is square-integrable, i.e., ∫
Spn(F)\Spn(A)
|ϕ(g)|2dg <∞.
By [6, §4.3], such a function is of moderate growth. We also note that any cusp form on Spn(A)
is square-integrable. The set of square-integrable automorphic forms on Spn(A) is denoted by
A2(Spn(A)). It is an Spn(Afin)× (g∞,K∞)-module.
Recall that for an A-parameter ψ ∈ Ψ2(Spn/F),
• its component group Aψ has Arthur’s character εψ;
• there is a diagonal map ∆: Aψ →
∏
v Aψv ;
• we have a character 〈·, π〉ψ on
∏
v Aψv associated to π ∈ Πψ.
Arthur’s multiplicity formula ([3, Theorem 1.5.2]) gives a decomposition of A2(Spn(A)).
Theorem 2.3 (Arthur’s multiplicity formula). The discrete spectrum A2(Spn(A)) decomposes into
a direct sum
A2(Spn(A)) ∼=
⊕
ψ∈Ψ2(Spn/F)
⊕
pi∈Πψ
mpi,ψπ
as an Spn(Afin)× (g∞,K∞)-module, where the non-negative integer mpi,ψ is given by
mpi,ψ =
{
1 if 〈·, π〉ψ ◦∆ = εψ,
0 otherwise.
We emphasize that Arthur’s multiplicity formula does not tell us whetherA2(Spn(A)) is multiplicity-
free or not since the A-packets are multisets. In order to investigate A2(Spn(A)) more precisely, we
need to study the structures of local A-packets Πψv .
2.4. Mœglin’s results. In the successive works [15, 16, 17, 18, 19], Mœglin has defined local A-
packets herself for p-adic fields, and given many important results. Xu [24] proved that Mœglin’s
A-packets coincide with Arthur’s ones. Hence one can use Mœglin’s results for Arthur’s A-packets.
First, we let F be a non-archimedean local field of characteristic zero, with the the ring of integers
o. We denote the cardinality of the residual field of F by q.
For a local A-parameter ψ ∈ Ψ(Spn/F), we have an A-packet Πψ, which is a multiset over
Irrunit(Spn(F)). One of the most important result of Mœglin is as follows:
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Theorem 2.4 ([18], [24, Theorem 8.12]). The A-packet Πψ is multiplicity-free, i.e., it is in fact a
subset of Irrunit(Spn(F)).
Recall that an A-parameter is a homomorphism ψ : WF × SL2(C) × SL2(C) → SO2n+1(C). Let
∆: WF × SL2(C)→ WF × SL2(C)× SL2(C) be the diagonal map given by ∆(w, a) = (w, a, a). For
two A-parameters ψ,ψ′ ∈ Ψ(Spn/F), their A-packets Πψ and Πψ′ can have intersection.
Proposition 2.5 ([17, Corollaire 4.2]). If Πψ ∩ Πψ′ 6= ∅, then the diagonal restrictions ψ ◦∆ and
ψ′ ◦∆ are conjugate by SO2n+1(C).
Recall that an irreducible representation π of Spn(F) is unramified if π has a nonzero Spn(o)-fixed
vector. In this case, π is uniquely determined by its Satake parameter c(π), which is a semisimple
conjugacy class of SO2n+1(C). We say that an A-parameter ψ : LF × SL2(C) → SO2n+1(C) for
Spn/F is unramified if the restriction of ψ to LF = WF × SL2(C) factors through the quotient
WF × SL2(C)։WF/IF, where IF is the inertia subgroup of WF. In this case, one can write
ψ = | · |s1F ⊠ Sd1 ⊕ · · · ⊕ | · |srF ⊠ Sdr
with si ∈
√−1R.
Proposition 2.6 ([17, Proposition 4.4]). When ψ is unramified and is of the above form, the
A-packet Πψ has a unique unramified representation π. Its Satake parameter c(π) is given by
c(π) =
r⊕
i=1

q−si+
di−1
2
q−si+
di−3
2
. . .
q−si−
di−1
2
 .
By Theorem 2.1, the character 〈·, π〉ψ of Aψ is trivial.
Next, we let F be a number field and v be a finite place of F. Recall that for a global A-parameter
ψ ∈ Ψ2(Spn/F), its localization ψv at v might not be a local A-parameter. The local A-packet Πψv
is the disjoint union of the Jordan–Ho¨lder series of induced representations Iψv (π0), where π0 runs
over the A-packet associated to a local A-parameter ψ0 ∈ Ψ(Spn0/F).
Proposition 2.7 ([19, Proposition 5.1]). For π0 ∈ Πψ0 , the induced representation Iψv(π0) is
irreducible. Moreover, if π0, π
′
0 ∈ Πψ0 are not isomorphic to each other, then Iψv(π0) 6∼= Iψv(π′0). In
conclusion, Πψv is a (multiplicity-free) subset of Irr(Spn(F)).
For two irreducible admissible representations π ∼= ⊗′vπv and π′ ∼= ⊗′vπ′v of Spn(A), we say that
π is nearly equivalent to π′ if πv ∼= π′v for almost all v.
Corollary 2.8. Let ψ,ψ′ ∈ Πψ be two global A-parameters, and take π ∈ Πψ and π′ ∈ Πψ′ . Then
π is nearly equivalent to π′ if and only if ψ is equivalent to ψ′.
Proof. Suppose that π, π′ ∈ Πψ. Since πv and π′v are unramified for almost all v, by Propositions
2.6 and 2.7, we have πv ∼= π′v for almost all v.
Conversely, suppose that π is nearly equivalent to π′. Let v be a finite place of F such that all
of πv, π
′
v, ψv and ψ
′
v are unramified, and πv
∼= π′v. Write πv = Iψv(π0) and π′v = Iψ′v(π′0) with
π0 ∈ Πψ0 and π′0 ∈ Πψ′0 for ψ0 ∈ Ψ(Spn0/Fv) and ψ′0 ∈ Ψ(Spn′0/Fv). Comparing the real parts of
the exponents of the eigenvalues of the Satake parameters of π and π′, we see that n0 = n′0 and
π0 ∼= π′0. By Proposition 2.5, we have ψ0 ◦∆ ∼= ψ′0 ◦∆. This implies that ψ0 ∼= ψ′0 since they are
both unramified. Comparing the Satake parameters of π and π′ again, we see that ψv ∼= ψ′v . As in
[3, §1.3], global A-parameters ψ and ψ′ define isobaric sums of representations τψ and τψ′ , which are
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automorphic representations of GL2n+1(A). By the generalized strong multiplicity one theorem of
Jacquet–Shalika [12, Theorem (4.4)], the condition ψv ∼= ψ′v for almost all v implies that τψ ∼= τψ′ .
Since ψ 7→ τψ is injective, we conclude that ψ ∼= ψ′. 
2.5. Adams–Johnson packets. In this subsection, we consider F = R. In this case, the theory
of local A-packets is not satisfactory now. On the other hand, Adams and Johnson [1] constructed
A-packets for a certain special class of A-parameters. These A-packets are sets and their elements
are given by cohomological induction so that these A-packets are relatively easy to understand.
Recently, Arancibia, Mœglin and Renard [2] proved that the A-packets of Adams–Johnson coin-
cide with Arthur’s ones. Hence one can easily understand Arthur’s A-packets for certain spacial
parameters.
Recall that the Weil groups of C and R are given by
WC = C
×, WR = C× ⊔ C×j,
respectively, where
j2 = −1, jzj−1 = z for z ∈ C×.
There exists a canonical exact sequence
1 −−−−→ WC −−−−→ WR −−−−→ Gal(C/R) −−−−→ 1.
There are exactly two quadratic characters of WR. One is the trivial representation 1, and the
other is the sign character
sgn: WR → {±1}
given by sgn(j) = −1 and sgn(z) = 1 for z ∈ C×.
For each integer α, we define a 2-dimensional representation
ρα : WR → GL2(C)
by
ρα(j) =
(
0 (−1)α
1 0
)
, ρα(z) =
(
χα(z) 0
0 χ−α(z)
)
for z ∈ C×,
where the character χα of C
× is defined by χα(z) = z−α(zz)
α
2 . We also write χα(z) = (z/z)
α
2 .
Then we see that:
• ρα is irreducible when α 6= 0;
• ρ0 ∼= 1⊕ sgn;
• ρα ∼= ρ−α;
• ρα is orthogonal (resp. symplectic) if α is even (resp. α is odd).
For α ≥ β > 0, the root number ε(ρα ⊗ ρβ) is given by
ε(ρα ⊗ ρβ) =
{ − 1 if α ≡ 0, β ≡ 1 mod 2,
1 otherwise.
Moreover, for α > 0 and δ ∈ {0, 1}, we have ε(ρα ⊗ sgnδ) =
√−1α+1.
For an A-parameter ψ : WR × SL2(C)→ SO2n+1(C), define ψd : WC → SO2n+1(C) by
ψd(z) = ψ
(
z,
(
(z/z)
1
2 0
0 (z/z)−
1
2
))
for z ∈ C×.
We call an A-parameter ψ ∈ Ψ(Spn/R) Adams–Johnson if ψ is a direct sum of irreducible orthogonal
representations of WR × SL2(C), and ψd is multiplicity-free. Let ΨAJ(Spn/R) be the subset of
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Ψ(Spn/R) consisting of Adams–Johnson A-parameters. It is easy to see that ψ is Adams–Johnson
if and only if ψ is of the form
ψ =
(
r⊕
i=1
ραi ⊠ Sdi
)
⊕ sgnδ ⊠ Sd0 ,
where
• αi > 0 and di > 0 for 1 ≤ i ≤ r;
• 2∑ri=1 di + d0 = 2n+ 1;
• αi + di ≡ 1 mod 2 for 1 ≤ i ≤ r, and d0 ≡ 1 mod 2;
• δ ∈ {0, 1} such that δ ≡∑ri=1 di mod 2;
• αi − αi+1 ≥ di + di+1 for 1 ≤ i < r, and αr ≥ dr + d0.
In this subsection, we fix such ψ.
We denote the standard Cartan involution g 7→ tg−1 of Spn(R) by θ. Let
T (R) =


a1 b1
. . .
. . .
an bn
−b1 a1
. . .
. . .
−bn an

∈ Spn(R)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a2i + b
2
i = 1

be a maximal torus of Spn(R), which is compact. Fix a (standard) Borel subgroup B of Spn
containing T (c.f., see [21, §2.2]). We write L(R) for the subgroup of Spn(R) consisting of elements
of the form 
a1 b1
. . .
. . .
ar br
A B
−b1 a1
. . .
. . .
−br ar
C D

where ai +
√−1bi ∈ U(di) for i = 1, . . . , r and(
A B
C D
)
∈ Spd0−1(R).
Hence
L(R) ∼= U(d1)× · · · ×U(dr)× Spd0−1(R).
Set
Σψ =W (L(C), T (C))\W (Spn(C), T (C))/W (Spn(R), T (R)).
For a positive integer d, we define P2(d) by the set of pairs of non-negative integers (p, q) such that
p+ q = d. Then we have a canonical bijection
Σψ ∼=
r∏
i=1
P2(di).
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For {(pi, qi)}i ∈
∏r
i=1P2(di), if we set
t(pi, qi) = diag(1, . . . , 1︸ ︷︷ ︸
pi
,
√−1, . . . ,√−1︸ ︷︷ ︸
qi
) ∈ GLdi(C),
then a representative of the element in Σψ corresponding to {(pi, qi)}i ∈
∏r
i=1P2(di) is given by
t({(pi, qi)}i) =

t(pi, qi)
. . .
t(pr, qr)
1d0−1
t(p1, q1)
−1
. . .
t(pr, qr)
−1
1d0−1

.
It is easy to see that L{(pi,qi)} = t({(pi, qi)}i) · L · t({(pi, qi)}i)−1 is defined over R, and
L{(pi,qi)}(R) ∼= U(p1, q1)× · · · ×U(pr, qr)× Spd0−1(R).
Set
λj =
(
αj + dj − 1
2
,
αj + dj − 3
2
, . . .
αj − dj + 1
2
)
∈ Zdj
and
λψ =
(
λ1, . . . , λr,
d0 − 1
2
,
d0 − 3
2
, . . . , 1
)
∈ Zn.
Let ρ = (n, n − 1, . . . , 1) be the half sum of the positive roots of T with respect to B. Then there
exists a unitary character χλψ : L(R)→ C× such that the restriction to T (R) is λψ−ρ ∈ Zn ∼= X∗(T ).
For w ∈W (Spn(C), T (C)), we define
πw = Aw−1Qw(w
−1χλψ)
to be the derived functor module, where Q is a θ-stable parabolic subgroup of Spn with Levi
subgroup L. It is nonzero and irreducible with infinitesimal character λψ. Moreover, πw ∼= πw′ if
and only if the images of w and w′ in Σψ are equal to each other.
Theorem 2.9 ([1], [2]). For ψ = ⊕ri=1ραi⊠Sdi⊕sgnδ⊠Sd0 ∈ ΨAJ(Spn/R) with αi−αi+1 ≥ di+di+1
for 1 ≤ i < r. Then the A-packet Πψ is given by the (multiplicity-free) set
Πψ = {πw | w ∈ Σψ}.
When w ∈ Σψ corresponds to {(pi, qi)}i ∈
∏r
i=1P2(di), the character 〈·, πw〉ψ is given so that
〈zψ, πw〉ψ = 1 and
〈αραi⊠Sdi , πw〉ψ = (−1)
pi−qi−δi
2
for i = 1, . . . , r, where
δi =
{
0 if di is even,
(−1)
∑i−1
j=1 dj if di is odd.
For example, suppose that d1 = · · · = dr = d0 = 1. We note r = n and δ ≡ n mod 2. If w ∈ Σψ
corresponds to {(pi, qi)}i ∈ P2(1)n, then πw is the discrete series representation of Spn(R) with
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Harish-Chandra parameter ((p1− q1)λ1, . . . , (pn− qn)λn), where the infinitesimal character of πw is
λψ = (λ1, . . . , λn). The character 〈·, πw〉ψ satisfies that
〈αραi , πw〉ψ = (−1)i−1(pi − qi)
for i = 1, . . . , n.
3. Siegel modular forms and holomorphic cusp forms
In this section, we apply Arthur’s multiplicity formula to Siegel modular forms. We prove two
theorems in Introduction (§1).
3.1. Siegel modular forms. In this subsection, we put F = Q. Let
Hn =
{
Z ∈ Matn(C) | tZ = Z, Im(Z) > 0
}
be the Siegel upper half space of degree n. Here, for a real symmetric matrix Y , we write Y > 0 if
Y is positive definite. The symplectic group Spn(R) acts on Hn by
g〈Z〉 = (AZ +B)(CZ +D)−1, g =
(
A B
C D
)
∈ Spn(R), Z ∈ Hn.
The canonical automorphy factor J(g, Z) is defined by
J(g, Z) = CZ +D ∈ GLn(R), g =
(
A B
C D
)
∈ Spn(R), Z ∈ Hn.
For k = (k1, . . . , kn) ∈ Zn with k1 ≥ · · · ≥ kn, the irreducible representation of U(n) with highest
weight (k1, . . . , kn) is denoted by (ρk, Vk). It is extended to a holomorphic representation of GLn(R).
Then ρk(J(g, Z)) ∈ GL(Vk) is an automorphy factor. When k = (k, k, . . . , k), we have (ρk, Vk) =
(detk,C).
Definition 3.1. Let k = (k1, . . . , kn) ∈ Zn with k1 ≥ · · · ≥ kn. A Vk-valued holomorphic function
F : Hn → Vk is a Siegel modular cusp form of vector weight ρk if
(1) F (γ〈Z〉) = ρk(J(γ, Z))F (Z) for γ ∈ Spn(Z) and Z ∈ Hn;
(2) F has a Fourier expansion of the form
F (Z) =
∑
T∈Symn(Q)
T>0
AF (T )e
2pi
√−1tr(TZ), AF (T ) ∈ Vk.
The space of Siegel modular cusp forms of vector weight ρk is denoted by Sρk(Spn(Z)). There
is a Hecke theory for Sρk(Spn(Z)). When F ∈ Sρk(Spn(Z)) is a Hecke eigenform, for each prime p,
the Satake parameter
(β±p,1, . . . , β
±
p,n) ∈ (C×)n/Sn ⋉ {±1}n
is associated to F . Then the standard L-function attached to F is defined by
L(s, F, std) =
∏
p
(
(1− p−s)−1
n∏
i=1
(1− βp,ip−s)−1(1− β−1p,i p−s)−1
)
for Re(s)≫ 0.
Set i =
√−1 · 1n ∈ Hn. The stabilizer of i in Spn(R) is the standard maximal compact subgroup
K∞ =
{(
α β
−β α
)
∈ Spn(R)
∣∣∣∣tαα+ tββ = 1n} .
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For a Siegel modular cusp form F ∈ Sρk(Spn(Z)), one can define a Vρk-valued function ΦF : Spn(F)\Spn(A)→
Vρk by
ΦF (γg∞κfin) = ρk(J(g∞, i))−1F (g∞〈i〉)
for γ ∈ Spn(Q), g∞ ∈ Spn(R) and κfin ∈ Kfin = Spn(Ẑ). By a similar argument to [4, §4, Lemmas
5, 7], ΦF satisfies the following:
(1) ΦF (gκ∞) = ρk(κ∞)−1ΦF (g) for κ∞ ∈ K∞ ⊂ Spn(R), where K∞ is identified with U(n) by(
α β
−β α
)
7→ α+ β√−1,
and the representation ρk of U(n) is defined by ρk(a) = ρk(a) for a ∈ U(n);
(2) p−ΦF = 0, where
p− =
{(
A −√−1A
−√−1A −A
) ∣∣∣∣ A ∈ Sym2(C)} ⊂ g∞;
(3) ΦF is a cusp form, i.e., ∫
N(F )\N(A)
ΦF (ng)dg = 0
for g ∈ Spn(A) and for N being the unipotent radical of any proper F -parabolic subgroup
P of Spn.
Note that ρk is isomorphic to the contragredient representation of ρk, i.e., there exists a non-
degenerate bilinear form 〈·, ·〉 on Vk × Vk such that
〈ρk(a)v, ρk(a)v′〉 = 〈v, v′〉
for v, v′ ∈ Vk and a ∈ U(n). Then for v ∈ Vk, the function
ϕF,v(g) = 〈v,ΦF (g)〉 ∈ C
is a cusp form on Spn(Q)\Spn(A). Note that for fixed g ∈ Spn(A), the function K∞ ∋ κ∞ 7→
ϕF,v(gκ∞) is a matrix coefficient of ρk. In particular, the right translations of ϕF,v under K∞
for v ∈ Vk form an irreducible representation of K∞ which is isomorphic to ρk. We call ϕF,v a
holomorphic cusp form of vector weight ρk.
3.2. Lowest weight modules. Let
kC = Lie(K∞)⊗R C =
{(
A B
−B A
)
∈ Mat2n(C)
∣∣∣∣ A = −tA, B = tB}
be the complexification of Lie algebra of K∞. Fix k = (k1, . . . , kn) ∈ Zn with k1 ≥ · · · ≥ kn. We
denote the differential of the representation ρk of K∞ by dρk : kC → End(Vk). Since [kC, p−] ⊂ p−,
the representation dρk can be extended to a representation of kC ⊕ p− by setting dρk(p−) = 0. Let
U(g∞) (resp. U(kC ⊕ p−)) be the universal enveloping algebra of g∞ (resp. kC ⊕ p−). Consider the
generalized Verma module
M(Vk) = U(g∞)⊗U(kC⊕p−) Vk.
It is a (g∞,K∞)-module by setting κ∞ · (1 ⊗ v) = 1 ⊗ ρk(κ∞)v for κ∞ ∈ K∞ and v ∈ Vk. It
is known that M(Vk) has a unique irreducible quotient, which we denote by L(Vk). We call the
(g∞,K∞)-module L(Vk) the lowest weight module of vector weight ρk. This module is characterized
so that it contains Vk as a U(kC⊕ p−)-submodule with multiplicity one. The infinitesimal character
of L(Vk) is given by
(k1 − 1, k2 − 2, . . . , kn − n, 0,−(kn − n), . . . ,−(k2 − 2),−(k1 − 1)).
Note that L(Vk) is discrete series if kn > n.
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Let ψ ∈ Ψ2(Spn/R). Suppose that
ψd(z) = ψ
(
z,
(
(z/z)
1
2 0
0 (z/z)−
1
2
))
=
z
α1zβ1
. . .
zα2n+1zβ2n+1

for some αi, βi ∈ C such that αi − βi ∈ Z. Here, for α, β ∈ C with α − β ∈ Z, we write zαzβ =
zα−β(zz)β . In general, any representation π ∈ Πψ has an infinitesimal character (α1, . . . , α2n+1).
We call (α1, . . . , α2n+1) the infinitesimal character of ψ. In particular, if Πψ contains a discrete
series representation, then ψ is Adams–Johnson (see also [20, Proposition 4.3, The´ore`me 4.4]).
We determine A-packets which contain L(Vk). First, we consider the case where L(Vk) is discrete
series, i.e., k1 ≥ · · · ≥ kn > n.
Proposition 3.2. Suppose that k = (k1, . . . , kn) ∈ Zn with k1 ≥ · · · ≥ kn > n. Then for ψ ∈
Ψ(Spn/R), the A-packet Πψ contains the lowest weight module L(Vk) if and only if ψ is of the form
ψ =
(
t⊕
i=1
ραi ⊠ Sdi
)
⊕ sgnn,
where
• ∑ti=1 di = n;
• αi + di ≡ 1 mod 2;
• α1 > · · · > αt > 0 and
t⋃
i=1
{
αi + di − 1
2
,
αi + di − 3
2
, . . . ,
αi − di + 1
2
}
= {k1 − 1, k2 − 2, . . . , kn − n}.
In this case, the character 〈·, L(Vk)〉ψ of Aψ is determined by 〈zψ, L(Vk)〉ψ = 1 and
〈αραi⊠Sdi , L(Vk)〉ψ = (−1)
di−δi
2
for i = 1, . . . , t, where δi is given in Theorem 2.9.
Proof. By the above remark, if L(Vk) ∈ Πψ, then ψ is Adams–Johnson. It is known that the coho-
mological induction πw = Aw−1Qw(w
−1χλψ) is discrete series if and only if w
−1Lw(R) is compact.
It happens for some w ∈ Σψ only when sgnn ⊂ ψ, i.e., d0 = 1 in the notation in Theorem 2.9.
By comparing the infinitesimal character, we see that if L(Vk) ∈ Πψ, then ψ is of the form in the
proposition.
Suppose that ψ is of the form in the proposition. Then we have π1 = AQ(χλψ )
∼= L(Vk). The
associated character 〈·, L(Vk)〉ψ of Aψ is computed in Theorem 2.9. 
When k = (k, k, . . . , k), i.e., when (ρk, Vk) = (det
k,C), we write D(n)k = L(Vk) and call it the
lowest weight module of the scalar weight k. Some properties of ψ ∈ Ψ(Spn/R) satisfying D(n)k ∈ Πψ
are established by Mœglin–Renard [21] even when D(n)k is not discrete series.
Proposition 3.3. If 0 < k ≤ n, then the multiplicity of D(n)k in Πψ is at most one. Moreover,
for k1, k2 > 0 with k1 6= k2, if D(n)k1 and D
(n)
k2
belong to the same A-packet Πψ, then n is even and
{k1, k2} = {n2 , n2 + 1}.
Proof. The first assertion is a part of [21, The´ore`me 6.1]. If D(n)k ∈ Πψ, then the infinitesimal
character of D(n)k is determined by the A-parameter ψ. If k > n, since the infinitesimal character
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of D(n)k is regular, ψ determines D(n)k uniquely. Hence we may assume that 0 < k1, k2 ≤ n. In this
case, the last assertion follows from [21, The´ore`me 6.2]. 
3.3. Automorphic representations generated by Siegel modular forms. In this subsection,
we let F = Q. We prove some lemmas.
Lemma 3.4. Let F ∈ Sρk(Spn(Z)) be a Hecke eigenform with Satake parameter cp(F ) ∈ (C×)n/Sn⋉
{±1}n at p. Then the cuspidal automorphic representation πF ⊂ A2(Spn(A)) generated by the cusp
form ϕF,v for v ∈ Vk is irreducible. Moreover, its local factors πF,p and πF,∞ are given as follows:
• πF,p is unramified with Satake parameter c(πF,p) = cp(F ) for each (finite) prime p;
• πF,∞ is the lowest weight module L(Vk).
Proof. The proof is the same as [5, Theorem 4.3].
Since πF is cuspidal, it is a direct sum of irreducible automorphic representations. Fix an iso-
morphism πF ∼= π1 ⊕ · · · ⊕ πr with πi ∼= ⊗′vπi,v irreducible. Let ϕi,v be the image of ϕF,v ∈ πF
for v ∈ Vk under the projection πF ∼= ⊕rj=1πj ։ πj. Since πF is generated by {ϕF,v|v ∈ Vk}, for
each i = 1, . . . , r, some ϕi,v is nonzero. By considering the action of the spherical Hecke algebra
H(Spn(Qp),Spn(Zp)) on ϕi,v, we see that πi,p is unramified with Satake parameter c(πi,p) = cp(F )
for each prime p. Moreover, since κ · ϕF,v = ϕF,κv for κ ∈ K∞, for each i = 1, . . . , r, we have
κ · ϕi,v = ϕi,κv for κ ∈ K∞. This means that there is a nonzero K∞-intertwining operator
Vk →֒ πi,∞ ∼= πKfini . Hence πi,∞ ∼= L(Vk) since πi,∞ is irredcuible.
We conclude that πF is isotypic, i.e., πF ∼= π⊗Cr for some irreducible automorphic representation
π. However, since πKfinF
∼= πKfin ⊗ Cr is generated by {ϕF,v|v ∈ Vk} as (g∞,K∞)-module, it must
be irreducible. Hence we have r = 1 so that πF is irreducible. 
Now we consider the elliptic cusp forms. Let f ∈ S2k(SL2(Z)) be a Hecke eigenform. Consider
the irreducible unitary cuspidal automorphic representation τf of GL2(A) generated by ϕf , where
ϕf is a cusp form on GL2(A) defined by
ϕf (γg∞κfin) = det(g∞)kf(g∞〈
√−1〉)j(g∞,
√−1)−2k
for γ ∈ GL2(Q), g∞ ∈ GL2(R) with det(g∞) > 0, and κfin ∈ GL2(Ẑ). Note that τf is symplectic,
i.e., L(s, τf ,∧2) has a pole at s = 1 since the central character of τf is trivial (see [13, Corollary
7.5]). Moreover, the representation of WR corresponding to τf,∞ is ρ2k−1.
In the rest of this subsection, we consider the Siegel modular forms of degree 2. When k =
(k + j, k) with j ≥ 0, we have ρk = detkSym(j), whose dimension is j + 1. In this case, we write
Sk,j(Sp2(Z)) = Sρ(k+j,k)(Sp2(Z)), and call f ∈ Sk,j(Sp2(Z)) a Siegel modular form of degree 2 and
of weight detkSym(j). Note that Sk,j(Sp2(Z)) = 0 unless j ≡ 0 mod 2. We assume that j is even
in the rest of this subsection. For a Hecke eigenform f ∈ Sk,j(Sp2(Z)), we can define a degree four
L-function
L(s, f, spin) =
∏
p
Lp(s, f, spin)
which is called the spinor L-function associated to f .
We would prove the following lemma.
Lemma 3.5. Assume k ≥ 4 and j ≥ 1. Let f ∈ Sk,j(Sp2(Z)) be a Hecke eigenform. Then there is
an irreducible unitary cuspidal symplectic automorphic representation τf = ⊗′vτf,v of GL4(A) such
that
L(s, τf,p) = Lp(s, f, spin)
for any prime p <∞, and the L-parameter of τf,∞ is ρj+2k−3 ⊕ ρj+1.
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To prove this lemma, we use Arthur’s multiplicity formula for SO(3, 2) via an accidental isomor-
phism PGSp2
∼= SO(3, 2), where SO(3, 2) is the split special orthogonal group of type B2 and of
discriminant 1. We omit the detail for Arthur’s multiplicity formula for SO(3, 2). See Arthur’s book
[3].
For v ∈ V(k+j,k), one can define a cusp form ϕf,v on PGSp2(Q)\PGSp2(A) by a similar way to
the elliptic modular forms case. We regard ϕf,v as a cusp form on SO(3, 2)(Q)\SO(3, 2)(A) via an
accidental isomorphism PGSp2
∼= SO(3, 2). By a similar argument to the proof of Lemma 3.4, we
see that ϕf,v for v ∈ V(k+j,k) generates an irreducible cuspidal automorphic representation σf of
SO(3, 2)(A). One can associate a global A-parameter ψf ∈ Ψ2(SO(3, 2)/Q) to σf . Note that σf,∞ is
a discrete series representation, and its L-parameter is ρj+2k−3⊕ ρj+1. Comparing the infinitesimal
character, we see that
(ψf,∞)d ∼= χj+2k−3 ⊕ χj+1 ⊕ χ−(j+1) ⊕ χ−(j+2k−3).
An A-parameter ψ ∈ Ψ2(SO(3, 2)/Q) is one of the following forms:
(1) ψ = χ[4], where χ is a quadratic character of A×/Q×;
(2) ψ = χ1[2]⊞ χ2[2], where χ1, χ2 are quadratic characters of A
×/Q×;
(3) ψ = τ [2], where τ is an irreducible cuspidal orthogonal representation of GL2(A);
(4) ψ = χ[2]⊞ τ [1], where χ is a quadratic character of A×/Q× and τ is an irreducible cuspidal
symplectic representation of GL2(A);
(5) ψ = τ1[1]⊞ τ2[1], where τ1, τ2 are irreducible cuspidal symplectic representations of GL2(A);
(6) ψ = τ [1], where τ is an irreducible unitary cuspidal symplectic automorphic representation
of GL4(A).
When ψ = ψf , the representations χ or τ appearing in ψ should be unramified everywhere. In
particular, χ must be the trivial character of A×/Q× since A×/Q×Ẑ×R×>0 = {1}. When ψ = 1[4],
the global A-packet Πψ consists of the trivial representation of SO(3, 2)(A). Since f ∈ Sk,j(Sp2(Z))
is not a constant function, ψf 6∼= 1[4]. Hence the case (1) cannot occur. The case (2) is impossible
since 1[2] ⊞ 1[2] is not a discrete A-parameter.
Now consider ψ = τ [2] is in the case (3). Then (ψ∞)d ∼= χα+1 ⊕ χα−1 ⊕ χ−α+1 ⊕ χ−α−1 for some
α ∈ Z with α ≥ 0. If ψf = ψ, we have α + 1 = j + 2k − 3 and α − 1 = j + 1. This implies that
k = 3, which contradicts to our assumption that k ≥ 4.
Next, we consider ψ = 1[2]⊞ τ [1] as in the case (4). Then (ψ∞)d ∼= χα⊕χ1⊕χ−1⊕χ−α for some
α ∈ Z with α ≥ 0. If ψf = ψ, we have j = 0 an α = 2k−3. This contradicts to our assumption that
j ≥ 1. Remark that this is compatible that there is no Saito–Kurokawa lifting of vector weight.
Suppose that ψ = τ1[1] ⊞ τ2[1] as in the case (5) such that ψ∞ = ρj+2k−3 ⊕ ρj+1. Consider the
representation σ = ⊗′vσv ∈ Πψ such that σp is unramified at any p < ∞, and σ∞ ∼= σf,∞. Since
σf,∞ is not generic, the character 〈·, σ∞〉ψ∞ is not trivial. However, the Arthur’s character εψ must
be trivial. This implies that σ is not automorphic by Arthur’s multiplicity formula for SO(3, 2).
Remark that this is compatible that there is no Yoshida lifting of level one.
In conclusion, if k ≥ 4 and j ≥ 1, the A-parameter ψf ∈ Ψ2(SO(3, 2)/Q) is ψf = τf [4] as in the
case (6). By the compatibility of Satake parameters, we see that
L(s, τf,p) = Lp(s, f, spin)
for any p <∞. This completes the proof of Lemma 3.5.
3.4. Proof of Lifting Theorem. Now we prove Lifting Theorem (Theorem 1.1). Let F = Q.
For fixed k = (k1, . . . , kn) ∈ Zn with k1 ≥ · · · ≥ kn > n, we consider a Hecke eigenform g ∈
Sρk(Spn(Z)). Let ψg = ⊞
r
i=1τi[di] ∈ Ψ2(Spn/Q) be the A-parameter associated to g, i.e., πg ∈ Πψg ,
where πg is the irreducible cuspidal automorphic representation generated by the cusp form ϕg,v for
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v ∈ Vk. Since πg,fin is unramified everywhere, and πg,∞ ∼= L(Vk), by Arthur’s multiplicity formula
(Theorem 2.3), we have
εψg (ατi[di]) = 〈∆(ατi[di]), πg〉ψg = 〈αφi,∞⊠Sdi , L(Vk)〉ψg,∞
for i = 1, . . . , r, where φi,∞ is the representation of WR corresponding to τi,∞. Moreover, since
L(Vk) is discrete series, by Proposition 3.2, the localization ψg,∞ at ∞ is Adams–Johnson and is of
the form
ψg,∞ =
(
t⊕
l=1
ραl ⊠ Sdj
)
⊕ sgnn,
where α1 > · · · > αt > 0 and
t⋃
l=1
{
αl + dl − 1
2
,
αl + dl − 3
2
, . . . ,
αl − dl + 1
2
}
= {k1 − 1, k2 − 2, . . . , kn − n} .
In particular, there is a unique index i0 such that
φi0,∞ ∼=
(mi0⊕
l=1
ραi0,l
)
⊕ sgnn
with even αi0,l (and di0 = 1), and for i 6= i0,
φi,∞ ∼=
mi⊕
l=1
ραi,l
with αi,l 6≡ di mod 2. Since det(φi,∞)(−1) = ωτi(−1) = 1, where ωτi is the central character of τi,
we have (−1)mi0+n = 1 and (−1)midi = 1 for i 6= i0. Moreover, by Proposition 3.2, for i 6= i0, we
have 〈αφi,∞⊠Sdi , L(Vk)〉ψg,∞ = (−1)
midi
2 .
Now we prove Lifting Theorem (A).
Proof of Theorem 1.1 (A). Let f ∈ S2k(SL2(Z)) be a Hecke eigenform, and τf be the irreducible
cuspidal symplectic automorphic representation of GL2(A). Take an integer d > 0 with k > d such
that k+ d− 1 < kn−n or k− d > k1− 1. This condition implies that τf,∞ 6∼= τi,∞ for any 1 ≤ i ≤ r.
We set
ψf,g = τf [2d]⊞ ψg.
One can easily see that ψf,g ∈ Ψ2(Spn+2d/Q). Moreover, since ψf,g,p is unramified for any (finite)
prime p, the local A-packet Πψf,g,p contains a unique unramified representation πf,g,p. In addition,
since
ψf,g,∞ ∼= (ρ2k−1 ⊠ S2d)⊕
(
t⊕
l=1
ραl ⊠ Sdj
)
⊕ sgnn+2d
is Adams–Johnson, the local A-packet Πψf,g,∞ contains L(Vk′), where k
′ = (k′1, . . . , k
′
n+2d) ∈ Zn+2d
is given so that k′1 ≥ · · · ≥ k′n+2d and{
k′1 − 1, k′2 − 2, . . . , k′n+2d − n− 2d
}
= {k1 − 1, k2 − 2, . . . , kn − n} ∪ {k + d− 1, k + d− 2, . . . , k − d} .
Let us consider
πf,g =
(⊗
p<∞
′
πf,g,p
)
⊗ L(Vk′) ∈ Πψf,g .
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Using Arthur’s multiplicity formula (Theorem 2.3), we study when πf,g is automorphic. It is auto-
morphic if and only if
εψf,g (ατf [2d]) = 〈∆(ατf [2d]), πf,g〉ψf,g .
and
εψf,g (ατi[di]) = 〈∆(ατi[di]), πf,g〉ψf,g
for i = 1, . . . , r.
Before checking these conditions, we compute the root number ε(τi × τf ). Since τi,fin and τf,fin
are unramified everywhere, ε(τi × τf ) is equal to the local root number ε(φi,∞ ⊗ ρ2k−1). For i = i0,
we have
ε(φi0,∞ ⊗ ρ2k−1) =
(mi0∏
l=1
ε(ραi0,l ⊗ ρ2k−1)
)
ε(sgnn ⊗ ρ2k−1)
=
{
(−1)mi0+k if k + d− 1 < kn − n,
(−1)k if k − d > k1 − 1.
For i 6= i0, we have
ε(φi,∞ ⊗ ρ2k−1) =
(
mi∏
l=1
ε(ραi,l ⊗ ρ2k−1)
)
=
{
(−1)midi if k + d− 1 < kn − n,
1 if k − d > k1 − 1,
which is equal to 1.
Hence we have
εψf,g (ατf [2d]) =
r∏
i=1
ε(τi × τf )min{di,2d}
= (−1)k ×
{
(−1)n if k + d− 1 < kn − n,
1 if k − d > k1 − 1.
On the other hand
〈∆(ατf [2d]), πf,g〉ψf,g = 〈αρ2k−1⊗S2d , L(Vk′)〉 = (−1)d.
Therefore, the condition εψf,g (ατf [2d]) = 〈∆(ατf [2d]), πf,g〉ψf,g is equivalent that
k ≡
{
d+ n mod 2 if k + d− 1 < kn − n,
d mod 2 if k − d > k1 − 1.
Next, we check the condition εψf,g (ατi[di]) = 〈∆(ατi[di]), πf,g〉ψf,g for i 6= i0. We have
〈∆(ατi[di]), πf,g〉ψf,g = 〈αφi,∞⊠Sdi , L(Vk′)〉ψf,g,∞
= 〈αφi,∞⊠Sdi , L(Vk)〉ψg,∞
= εψg (ατi[di])
= εψf,g (ατi[di]) · ε(τi × τf )−min{di,2d} = εψf,g (ατi[di]),
as desired.
Finally, since (
r∏
i=1
εψf,g (ατi[di])
)
· εψf,g (ατf [2d]) = 1
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and (
r∏
i=1
〈∆(ατi[di]), πf,g〉ψf,g
)
· 〈∆(ατf [2d]), πf,g〉ψf,g = 1,
when k ≡ d + n mod 2 if k + d − 1 < kn − n (resp. when k ≡ d mod 2 if k − d > k1 − 1), we have
εψf,g (ατi[di]) = 〈∆(ατi[di]), πf,g〉ψf,g for i = i0.
In conclusion, πf,g is automorphic if and only if k ≡ d + n mod 2 when k + d − 1 < kn − n
(resp. k ≡ d mod 2 when k−d > k1−1). In this case, since k′n+2d−(n+2d) = min{k−d, kn−n} > 0
so that πf,g,∞ ∼= L(Vk′) is discrete series, by a result of Wallach [23], we see that πf,g is cuspidal.
Let πKfin,p
−
f,g be the subspace of πf,g on which Kfin =
∏
p<∞ Spn+2d(Zp) acts by trivially and p
− acts
by zero. Note that πKfin,p
−
f,g is isomorphic to ρk′ as a representation of K∞. Fix a nonzero function
ϕ ∈ πKfin,p−f,g . For v ∈ Vk′ , consider the integral
Φv(g) =
∫
K∞
ϕ(gκ)ρk′ (κ)vdκ.
By the Schur orthogonality relations, Φv is nonzero for some v ∈ Vk′ . Since Φv satisfies that
Φv(gκ∞) = ρk′(κ∞)−1Φv(g), it gives a Siegel modular form Ff,g ∈ Sρk′ (Spn+2d(Z)). This is a Hecke
eigenform such that
L(s, Ff,g, std) = L(s, g, std)
2d∏
i=1
L(s+ k + d− i, f).
This completes the proof of Lifting Theorem (A) (Theorem 1.1 (A)). 
Remark 3.6. Recall that the A-parameter ψg associated to g satisfies that
εψg (ατi[di]) = 〈αφi,∞⊠Sdi , L(Vk)〉ψg,∞ = (−1)
midi
2
for i 6= i0. In particular, if ψg is tempered, then we must have midi ≡ 0 mod 4 for i 6= i0. When
n = 2, i.e., g ∈ Sρk(Sp2(Z)), the A-parameter ψg does not of the form τ [1] ⊕ χ[1] with τ being
an irreducible cuspidal orthogonal automorphic representation of GL4(A). Using this fact, one can
prove Ibukiyama’s conjecture of Type II in Introduction (§1) by a similar argument to the proof of
Lifting Theorem (A).
Next, we prove Lifting Theorem (B).
Proof of Theorem 1.1 (B). Assume that k ≥ 4 and j ≥ 1. Let f ∈ Sk,j(Sp2(Z)) be a Hecke
eigenform, and τf be the associated irreducible cuspidal symplectic automorphic representation of
GL4(A) by Lemma 3.5. Take an integer d > 0 such that d < min{(k/2) − 1, (j/2) + 1} and that
ki − i 6∈ [(j/2) − d + 1, (j/2) + k + d − 2] for each i = 1, . . . , n. The last condition implies that
τf,∞ 6∼= τi,∞ for any 1 ≤ i ≤ r. We set
ψf,g = τf [2d]⊞ ψg.
One can easily see that ψf,g ∈ Ψ2(Spn+4d/Q). Moreover, since ψf,g,p is unramified for any (finite)
prime p, the local A-packet Πψf,g,p contains a unique unramified representation πf,g,p. In addition,
since
ψf,g,∞ ∼= (ρj+2k−3 ⊠ S2d)⊕ (ρj+1 ⊠ S2d)⊕
 t⊕
j=1
ραj ⊠ Sdj
⊕ sgnn+4d
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is Adams–Johnson, the local A-packet Πψf,g,∞ contains L(Vk′), where k
′ = (k′1, . . . , k
′
n+4d) ∈ Zn+4d
is given by k′1 ≥ · · · ≥ k′n+4d and{
k′1 − 1, k′2 − 2, . . . , k′n+4d − n− 4d
}
= {k1 − 1, k2 − 2, . . . , kn − n}
∪
{
j
2
+ k + d− 2, j
2
+ k + d− 3, . . . , j
2
+ k − d− 1
}
∪
{
j
2
+ d,
j
2
+ d− 1, . . . , j
2
− d+ 1
}
.
Let us consider
πf,g =
(⊗
p<∞
′
πf,g,p
)
⊗ L(Vk′) ∈ Πψf,g .
Using Arthur’s multiplicity formula (Theorem 2.3), we study when πf,g is automorphic. It is auto-
morphic if and only if
εψf,g (ατf [2d]) = 〈∆(ατf [2d]), πf,g〉ψf,g .
and
εψf,g (ατi[di]) = 〈∆(ατi[di]), πf,g〉ψf,g
for i = 1, . . . , r.
Note that αi,l 6∈ [j +1, j +2k − 3] for any (i, l) since ki − i 6∈ [(j/2)− d+1, (j/2) + k+ d− 2] for
any i = 1, . . . , n. By a similar argument to the proof of Lifting Theorem (A), we have
ε(τi × τf ) =
{
(−1)j+k if i = i0,
1 if i 6= i0.
Hence we have εψf,g (ατf [2d]) = (−1)j+k = (−1)k since j is even. On the other hand,
〈∆(ατf [2d]), πf,g〉ψf,g = 〈αρj+2k−3⊗S2d , L(Vk′)〉ψf,g,∞〈αρj+1⊗S2d , L(Vk′)〉ψf,g,∞ = 1.
Hence the condition εψf,g (ατf [2d]) = 〈∆(ατf [2d]), πf,g〉ψf,g is equivalent that k is even.
For i 6= i0, since ε(τi × τf ) = 1, we have εψf,g (ατi[di]) = 〈∆(ατi[di]), πf,g〉ψf,g . Therefore, this
condition also holds for i = i0 when k is even.
In conclusion, πf,g is automorphic if and only if k ≡ j ≡ 0 mod 2. In this case, since πf,g,∞ ∼=
L(Vk′) is discrete series, by a result of Wallach [23], we see that πf,g is cuspidal. The space π
Kfin,p
−
f,g
gives a Hecke eigenform Ff,g ∈ Sρk′ (Spn+4d(Z)) such that
L(s, Ff,g, std) = L(s, g, std)
2d∏
i=1
L
(
s+ d+
1
2
− i, f, spin
)
.
This completes the proof of Lifting Theorem (B) (Theorem 1.1 (B)). 
3.5. Arthur’s multiplicity formula for holomorphic cusp forms. Let F be a totally real field.
For each infinite place v | ∞, we consider the standard maximal compact group Kv ⊂ Spn(Fv) =
Spn(R) and the subalgebra p
−
v ⊂ Lie(Spn(Fv))⊗R C defined in §3.1.
Definition 3.7. Let k = (kv)v ∈
∏
v|∞ Z>0. A cusp form ϕ : Spn(A) → C is called holomorphic
cusp form of weight k if for each v | ∞,
(1) ϕ(gκv) = det(κv)
kvϕ(g) for κv ∈ Kv and g ∈ Spn(A);
(2) p−v ϕ = 0.
Here, we identify Kv with U(n), and we denote by det the determinant of Kv ∼= U(n).
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The space of holomorphic cusp forms of weight k is denoted by Sk(Spn(A)). This is an Spn(Afin)-
subrepresentation of A2(Spn(A)). Note that g∞ does not act on Sk(Spn(A)).
Example 3.8. Suppose that F = Q. Then the Siegel modular form F ∈ Sk(Spn(Z)) gives a cusp
form ϕF ∈ A2(Spn(A)). As explained in §3.1, ϕF is a holomorphic cusp form of weight k.
For k = (kv) ∈
∏
v|∞ Z>0, we set Ψ2(Spn/F,D(n)k ) to be the subset of Ψ2(Spn/F) consisting of
global A-parameters ψ such thatD(n)kv = L(V(kv ,...,kv)) ∈ Πψv for any v | ∞. For ψ ∈ Ψ2(Spn/F,D
(n)
k ),
define
Πfinψ =
{
πfin =
⊗
v<∞
′
πv
∣∣∣∣∣ πv ∈ Πψv , 〈·, πv〉ψv = 1 for almost all v
}
.
Now we obtain Arthur’s multiplicity formula for holomorphic cusp forms.
Theorem 3.9. For k = (kv) ∈
∏
v|∞ Z>0, we have
Sk(Spn(A)) ⊆
⊕
ψ∈Ψ2(Spn/F,D(n)k )
⊕
pifin∈Πfinψ
mpifin,ψπfin
as a representation of Spn(Afin), where the non-negative integer mpifin,ψ is given by
mpifin,ψ =
{
1 if 〈·, π〉ψ ◦∆ = εψ,
0 otherwise
with setting π = πfin⊗(⊗v|∞D(n)kv ) for πfin ∈ Πfinψ . In particular, the space Sk(Spn(A)) is multiplicity-
free as a representation of Spn(Afin). Moreover, when kv > n for any v | ∞, the inclusion is in fact
an equality.
Proof. By Arthur’s multiplicity formula (Theorem 2.3) together with the multiplicity one results
for D(n)kv in real local A-packets (Theorem 2.9, Proposition 3.3) and for the lowest weight vectors in
D(n)kv , the right hand side of the inclusion is the direct sum of the subspaces of lowest weight vectors
in π = ⊗′vπv ⊂ A2(Spn(A)) such that πv ∼= D(n)kv for each v | ∞. Hence we have the inclusion.
The integer mpifin,ψ = mpi,ψ is given in Arthur’s multiplicity formula (Theorem 2.3). By the
multiplicity one results for p-adic local A-packets (Theorem 2.4, Proposition 2.7), we see that the
global A-packet Πfinψ is a (multiplicity-free) set. Hence the multiplicity of πfin ∈ Πfinψ in Sk(Spn(A))
is less than or equal to mpifin,ψ. In particular, Sk(Spn(A)) is multiplicity-free.
When kv > n for any v | ∞, the automorphic representation π = πfin⊗(⊗v|∞D(n)kv ) ⊂ A2(Spn(A))
is cuspidal by Wallach [23]. Hence the inclusion is an equality in this case. 
We can now prove the strong multiplicity one theorem (Theorem 1.3). Let F = Q.
Proof of Theorem 1.3. We consider the cuspidal automorphic representations πF1 , πF2 ⊂ A2(Spn(A))
generated by the cusp forms ϕF1 and ϕF2 , respectively. By Lemma 3.4 and by the assumption, they
are irreducible and are nearly equivalent to each other. Hence they belong to the same A-packet,
say Πψ, by Corollary 2.8. In particular, for each place v, the local factors πF1,v and πF2,v are in
Πψv .
When v = p <∞, by Propositions 2.6 and 2.7, the unramified representations πF1,p and πF2,p are
determined uniquely by ψp. In particular, πF1,p
∼= πF2,p. When v =∞, since {k1, k2} 6= {n2 , n2 + 1},
by Proposition 3.3, we have k1 = k2 so that πF1,∞ ∼= πF2,∞. Hence we conclude that πF1 ∼= πF2 as
Spn(Afin)× (g∞,K∞)-modules.
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By the multiplicity one result for Sk1(Spn(A)) in Theorem 3.9, we have πF1 = πF2 as a subspace
of A2(Spn(A)). Since both ϕF1 and ϕF2 are Spn(Ẑ)-fixed lowest weight vectors in πF1 = πF2 , there
exists a constant c ∈ C× such that ϕF2 = cϕF1 . This implies that F2 = cF1. 
Appendix A. The hypothesis Langlands group and Arthur’s character
In §2.2, for each global A-parameter ψ ∈ Ψ2(Spn/F), we have defined Arthur’s character εψ of
Aψ. One might seem that our definition differs from Arthur’s original definition. In this appendix,
we formally explain the original definition of Arthur’s character using the hypothesis Langlands
group, and show that it agrees with our definition.
A.1. Hypothesis Langlands group. Let F be a number field and WF be the Weil group of
F. We denote the set of irreducible unitary cuspidal automorphic representations of GLm(A) by
Acusp(GLm(A)). It is hoped that there exists a locally compact group LF together with a surjection
LF ։WF such that it has a canonical bijection
Acusp(GLm(A))←→ {m-dimensional irreducible unitary representations of LF} .
The group LF is called the hypothesis Langlands group of F. Moreover, when τ ∈ Acusp(GLm(A))
corresponds to φ : LF → GLm(C), it is expected that τ is orthogonal (resp. symplectic) if and only
if φ is orthogonal (resp. symplectic).
Using the hypothesis Langlands group LF, the global Langlands conjecture roughly states that
there is a canonical surjection
{irreducible automorphic representations of Spn(A)}


{ψ : LF × SL2(C)→ SO2n+1(C)} .
Here we consider a semisimple representation ψ : LF × SL2(C)→ SO2n+1(C) so that ψ decomposes
into a direct sum
ψ = (φ1 ⊠ Sd1)⊕ · · · ⊕ (φr ⊠ Sdr)
for some irreducible representations φ1, . . . , φr of LF . Replacing φi as corresponding τi ∈ Acusp(GLmi(A)),
we obtain the notion of global A-parameters (see §2.2).
A.2. Component groups. Let ψ = ⊕ri=1φi ⊠ Sdi : LF × SL2(C)→ SO2n+1(C). Set Sψ and S+ψ to
be
Sψ = Cent(Im(ψ),SO2n+1(C)), S
+
ψ = Cent(Im(ψ),O2n+1(C)),
respectively. We define the component group Sψ and S+ψ by
Sψ = Sψ/S◦ψ, S+ψ = S+ψ /(S+ψ )◦,
respectively. We note that S+ψ = Sψ × {±12n+1} so that S+ψ = Sψ × {±12n+1}.
Now we assume that ψ is discrete. This means that ψ is a multiplicity-free sum of irreducible
orthogonal representations. Then the image of φi⊠Sdi is contained in an orthogonal group Omidi(C),
and we have
S+ψ ∼= S+ψ = {±1m1d1} × · · · × {±1mrdr} ∼= {±1}r.
By this observation, we obtain the definition of Aψ. There exists a canonical bijection
A+ψ ←→ Sψ, ατi[di] ←→ −1midi .
In particular, the central element zψ ∈ Aψ corresponds to −12n+1 ∈ S+ψ , which is the center of
O2n+1(C).
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A.3. Formal definition of Arthur’s characters. Now we explain the definition of Arthur’s
character formally. Let ψ = ⊕ri=1φi ⊠ Sdi : LF × SL2(C) → SO2n+1(C) be discrete. Define a
representation
Adψ : Sψ × LF × SL2(C)→ GL(so2n+1(C))
on the Lie algebra so2n+1(C) of SO2n+1(C) by setting
Adψ(s, g, h) = Ad(s · ψ(g, h))
for s ∈ Sψ and (g, h) ∈ LF × SL2(C), where Ad is the adjoint representation of SO2n+1(C). Since
Ad is invariant under Killing form on so2n+1(C), this representation is orthogonal. We decompose
Adψ =
⊕
α
(ηα ⊠ φα ⊠ Sdα),
where ηα and φα are irreducible representations of Sψ and LF, respectively. After stating [3, Theorem
1.5.2], Arthur defined a character εψ of Sψ = Sψ by
εψ(s) =
∏
α
′
ηα(s), s ∈ Sψ,
where
∏′
α denotes the product over those indices α such that φα is symplectic and ε(1/2, φα) = −1.
Here, when φα ↔ τα ∈ Acusp(GLmα(A)), we mean that ε(1/2, φα) = ε(1/2, τα). We extend εψ to
S+ψ = S+ψ by setting εψ(−12n+1) = 1.
Proposition A.1. Let ψ = ⊕ri=1φi ⊠ Sdi : LF × SL2(C) → SO2n+1(C) be discrete, where φi is an
irreducible representation of LF corresponding to τi ∈ Acusp(GLmi(A)). Then we have
εψ(−1midi) =
∏
j 6=i
ε
(
1
2
, τi × τj
)min{di,dj}
.
Proof. We decompose Adψ = ⊕α(ηα ⊠ φα ⊠ Sdα) as above. Note that φα is symplectic if and only
if dα is even since ηα is a quadratic character. Hence, for s ∈ Sψ,
εψ(s) =
∏
α
′
ηα(s) =
∏
α
′′
ε
(
1
2
, φα
)
,
where
∏′′
α denotes the product over those indices α such that dα is even and ηα(s) = −1. This
means that when we compute εψ(s), we only consider the (−1)-eigenspace of Ad(s), which is a
subrepresentation of Ad ◦ ψ = ⊕α(φα ⊠ Sdα).
Let I be a subset of {1, . . . , r} such that the sum∑i∈I midi is even. Set sI =∏i∈I −1midi ∈ Sψ.
Namely sI acts on φi ⊠ Sdi by −1 if i ∈ I, and by 1 if i 6∈ I. Note that any element in Sψ is of this
form.
Now we compute εψ(sI). First note that
Ad ◦ ψ ∼=
⊕
i
Ad(φi ⊠ Sdi)⊕
⊕
i<j
(φi ⊗ φj)⊠ (Sdi ⊗ Sdj ).
We see that Ad(sI) preserves each summands, and
• Ad(sI) acts on Ad(φi ⊠ Sdi) by 1;
• Ad(sI) acts on (φi ⊗ φj)⊠ (Sdi ⊗ Sdj ) by −1 if and only if exactly one of i and j belongs to
I.
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On the other hand,
Sdi ⊗ Sdj ∼= Sdi+dj−1 ⊕ Sdi+dj−3 ⊕ · · · ⊕ S|di−dj |+1.
In particular, Sdi ⊗ Sdj has min{di, dj} irreducible summands, which are of the form Sdα such that
dα ≡ di + dj − 1 mod 2. Therefore, by the multiplicativity of ε-factors, we have
εψ(sI) =
∏
i<j
′′′
ε
(
1
2
, τi × τj
)min{di,dj}
,
where
∏′′′
i<j denotes the product over those pairs of indices (i, j) such that i < j, di 6≡ dj mod 2,
and exactly one of i and j belongs to I. However, [3, Theorem 1.5.3] states that ε(1/2, τi ⊗ τj) = 1
if di ≡ dj mod 2. Hence one can remove the condition di 6≡ dj mod 2 in the definition of
∏′′′
i<j . In
particular, when I = {i} (which implies that midi is even), we obtain
εψ(−1midi) =
∏
j 6=i
ε
(
1
2
, τi × τj
)min{di,dj}
.
Now suppose that midi is odd. Then we can consider I = {1, . . . , r} \ {i}. Since we define
εψ(−12n+1) = 1, we have
εψ(−1midi) = εψ(sI) =
∏
j 6=i
ε
(
1
2
, τi × τj
)min{di,dj}
.
This completes the proof. 
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